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In this paper the diffusion-controlled effects in reversible enzyme fast reaction systems have been discussed. The main
results are as follows: 1) An expression for the relation between the proximity second-order rate constant and the usual ex-
perimental second-order rate constant has been presented. From this expression we can see that the two kinds of rate con-
stants are generally not equal unless the reaction proceeds very slowly (in comparison with the corresponding diffusion lim-
it). 2) A new joint relation has been given between the theoretical calculated results and the experimentally measured ones
for the activation cnergy. It has been pointed out that, for the reaction systems discussed here, it would no longer be valid
to adopt the absolute reaction rate theory to calculate the activation energy as done commonly. 3) A formula has becn
given to calculate the upper limit obtainable possibly by experiments for the second-order rate constants in the reversible
enzymatic fast reaction system. According to this formula, the value of such an upper limit is related not only to the diffu-
sion coefficients of reacting molecules, the size of active surface, and the like, but also to the ratio of the concentration of
product molecules to that of the substrate molecules at the equilibrium of the reaction system.

Furthermore, the reversible enzymatic fast reaction system with multi-substrate and multi-product has been discussed.
and a general equation for calculating the degree of reaction flow derived as well.

1. The non-spherical symmetry of an enzyme molecule and its critical spherical sh:il

Although enzyme molecules are usually regarded as spherical ones, the active site of enzyme molecule general-
ly occupies only a small part of its surface, or the entire active site may be burried in a concave region termed the
molecular crevice. Therefore, in discussing the diffusion-controlled reactions of enzymes, one must meet the non--
spherically symmetric problems [1—-2]. However, the numerical calculations and analytical results [3—5] indicate
that, when there exist van der Waals short-range forces, such a non-spherically symmetric effect is significant only
within quite a thin shell (whose thickness may be assumed as 5) along on the surface of an enzyme molecule;
whereas outside the shell the concentration distribution of the substrate molecules aimost exhibiis a state of spher-
ical symmetry. Generally speaking, the stronger the short-range forces between enzyme and substrate are, the
thinner the thickness of the shell is, namely, the narrower the scope of the non-spherical symmetry is. Further-
more, as pointed out by Jonsson and Wennerstrom [6], in this shell there probably exist the effect of rapid surface
diffusion as well as some other specific effects known little by now. So, an appropriate approach is to confine our
discussion on the diffusion process to the region outside the spherical shell with the radius of R* = (Rg +Rg) + 3
=Rq +8 (fig.1). We term such a spherical shell the critical spherical shell of an enzyme molecule. Outside the shell,
the equations of diffusion-controlled reactions can be treated as a problem of spherical symmetry or quasi-spheri-
cal symmetry. Besides, in this case one needn’t know the detailed knowledge about the short-range forces between
enzyme and the other reacting molecules.
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Fig. 1. The enzyme molecule E and its critical spherical shell.
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N2 R and Rg are respectively the radius of the enzyme mole-
N ~z s 7 cule and that of the substrate molccule, 5 the thickness of the
- 7 critical spherical shell.

2. Mono-substrate and mono-product reaction systems

According to the above discussion, reaction systems of this type can be expressed as
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where S denotes the substrate and P the product; kBS is the second-order rate constant associated with the process
of S molecules in the bulk solution diffusing to the critical spherical sheil of E molecule: &% is the rate constant of
the S molecule on the critical sphencal shell changing into the P molecule of the corresponding state; and so on. It
is worthwhile to note that since 8 = R* —Rg is usually very smali, %t and &7 are actually the second-order rate con-
stants between E molecules and those reactmg molecules that are very close to the E molecules. We shall call such
a kind of rate constant the proximity second-order rate constant, which is generally different from the experimen-
tal second-order rate constant like k¢, and Eex . Below, we shall find out their relations.

The stochastic analysis in [7] showed us, for this kind of reaction system, around the E molecules both the con-
centration of S molecules and that of P molecules would exhibit some statistical gradients so far as the collective

(€)
3Cp /9t = Dp V- (exp(— Up/kT) V exp(Up/kT)Cp),

where Cg and Cp are respectively the concentration of S molecules and that of P molecules, V is the hamilton
operator, Ug and Uy, are respectively the potential of interaction between S molecule and E molecule and that be-
tween P molecule and E molecule, & is the Boltzmann constant, T the absolute temperature, Dg and Dy are re-
spectively the sum of the diffusion coefficients of S molecule and E molecule and that of P molecule and E mole-
pre.
culec,

If only the region outside the critical spherical shell is discussed, in the steady state eq. (3) can be written as
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where

C5(r) = exp(Us (n)/kT) Cs (1), Cp () = exp(Up (/ET) Cp (), <)
the corresponding boundary conditions are

Gsl,_...=GCs| ... =Cso- Cel,_..=Cpl ... = Cpo- (6)
Under such boundary conditions the solutions of eq. (4) can be expressed as

Cg(r)=cso—gsf ww, C;(r)=cpo—spf i{wdh (7)

r - > ~

We know that the flows of molecules througl unii area are {1,7]
ig = — Dg exp(— Ug(r)/kT) VCg, ip = —Dp exp(— Up(r)/kT) V Cp. (8)

Then from (7) and (8). we obtain the total flows, /g and [Ip, of S molecules and P molecules to the critical spheri-
cal shell in unit time:

Is=[f is-as=aaDgBg. Ip =fo ip-dS = 4uDpBp. ®
SR* R+

At steady state, according to the conservation of mass, the total flow into the critical spherical shell Sg + in unit
time should be equal to the total flow out of the sheli;i.e., we have

where I may be called the degree of reaction flow, with which the flow speeds of the various reacting molecules
may be reflected.
On the other hand, according to the theory of chemical kinetics, at steady state we have

~d[8}/ds = afP1/dt =Ry, Csp [E] — Keyp Cpp [E] =7 Cs(RM[E] — K" Cp(R™) [E]. an
which means that the degree of reaction flow can also be expressed as
I1=%'Cgy(RY) — KT Cp(RM), I =T, Csp — KexpCpo- (12.13)

Substituting eq. (7) into eq. (12), and utilizing (5). (9) and (10), we ob1iain

HE" exp(— Ug(RMYKT)Cgq — K exp(—Up(R*)/KT) Cpp}

1 s e -1
X [l+ ( exp(—Us (R*)KT) + exp(—Up (RVYKT )] , 14
s (Fapg P s )+ pn P Up ROVET) 149

wkhere the force-range factors zre defined as [8}

oo d —1 o -1

i=(r" [evwsonnS) . 5=(r [ ewwpeonn ). (as)
r re
R* R*

Thus, we obtain the following results:

1) The relation between the second-order rate constant obtained usually bv experiments and proximity second
order rate constant.

Making a comparison between (13) and (14), we get
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2) The relation between the concentration distributions and the rate constants.
From eq. (13) or eq. (14), and with the help of (3), (7),(9) and (10), we obtain
KexpCso— FexpCro 7 exp(Us()RT)
Cs() = [cso - o [ > ar | exp(~Ug(r)/KT),
— - a9)
i X CSO—“ K, x C = exp(UP(r)/kT) .
Cpolr) = [CPO 4 Jexp D exp “PO f = dr} exp(—Up(r)/KT),
r
or
o+ exp(—Ug(RM/ET) Cgo— & exp(—Up(RTYKT) Cpy 1
Cs(n)=1Csp— = P + (47'9 )
1+ (1/47R%) (B exp(— Ug(RM/ET)[f $Dg+ k¥ exp(— Up(R YT ) pDp) s
= exp{Uc(r)/kT)
x [ = dr}exp(_ Us(KT),
r ” (20)
Cot { c [ T exp(—Ug(RMET) Cgg — & exp(—Up(RM)/ET)Cpy 1
pl7)= JCpo + = g ]( ; )
1+(1/47R ™) (B* exp(— Us(RM)KT)f iDs + E* exp(~Up(R™)KT)/f sDp) \ 0P

+ exp(Up(r)/KT)
x [ m——fi,;-——« dr } exp(—Up(F)/KT).
r

It should be pointed out that the above equations were derived in the concentration unit of (number of mole-
cules)/em?, and if we take the moles/dm3 as the unit of concentration, then into some places of the above equa-
tions we have to add the coefticient NV,/1000. Here, N, is the Avogadro constant. For instance, in this case, eq.

(18) should be rewritten as
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And the rest of the above equations (except eq. (17)) should also be revised likewise.

3. The joint relations between various kinds of rate constants

By means of eq. (18), we are able to calcufate the proximity second-order rate constants from the values of the
experimental second-order rate constants, eq (18) also tells us that only when A < 4“DS_[SR and I\c\p
4'7Dpf+R ,can we have K = ’ue\p EAP(US(R YET)and &+ = l\c\p exp(Up (R*)/AT) In other words. only when
the experimental second-order rate constants are far less than their corresponding diffusion-limits {1]. would there
be such a simple Boltzmann relation between the proximity second-order rate constant and the corresponding ex-
perimental one. However, for the common liquid phase fast reaction systems. especially the enzymatic fast reac-
tion system, such a condition doesn’t seem to hold. In this case, due to the existance of solvent molecules the dif-
fusive transport of reactant molecules is greatly slowed down. So, when the reactions proceed more rapidly, there
would appear such a picture: the tendency due to the chemical reactions in driving the spatial distribution of reac-
tant molecules to deviate from the equilibrium state will cover the tendency due to the diffusive movements in
restoring the spatial distribution towards the equilibrium. In other words. the diffusive movements of reactant mol-
ecules are not fast enough to be able to keep the spatial distribution of the system being in equilibrium state. For
such reaction systems, the second-order rate constants obtained by experiments will be sharply restrained by dif-
fusion coefficients, and hence explicitly different from the proximity second-order rate constant. What should be
pointed out particularly is that, for reaction systems of this type, since the whole spatial distribution is no longer
subject to the equilibrium statistical laws, we could not apply the absolute reaction rate theory to calculate k
and k . Then, there would naturally appear a problem how to compare the theoretical calculations with lhe e3~
penmental results. Below, we shall see, if the thickness. §, of the critical spherical shell is small. we can use eq. (8)

to resolve this difficulty, and establish a new and more general corresponding relation between theoretical calcula-
tion and experimental measurements.

At first, let us further decompose the part framed with the dotted line in (1) into:
P kD,
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where S : Eand E { P respectively denote the states in which an S molecule and a P molecule have encountered
the active surface of an E molecule (merely the physical contact) but have not yet combired with it (even for the
initial stage of the combination reaction) [7], namely, they are still at the bimolecular stage:zg denotes the sec-
ond-order rate constant with which S molecules on the critical spherical shell of an E molecule diffuse to its active
surface; X is the rate constant of the S molecule on the enzymatic active surface changing into the P molecule of
the corresponding state, so it is actually the contact rate constant; and so on. At the steady state, we then have [9]

&5

k' =kp K E by /E kD +kp Kb, tRK kD), K =kp Kk kY (K K, + kg Fh, +E D). (23}

As mentioned above, the thickness, 8§, of the critical spherical shell of an E molecule is generally small, so the dif-
fusive distance, Al ~ §, from the spot on the shell to the active site is a trifling quantity, too. It could be proved
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that when the path of diffusion is very short, we have the corresponding diffusion-controlled rate constant kﬁ' ~
1/Al (see Appendix). Consequently. when the thickness of the critical spherical shell is sufficiently thin, we have

Ep ~ kD, ~Ep, ~Z$,P ~1/AI~1/8§>% and k. (24)
On the other hand. according 10 the method of derivation in [71. it follows readily that
<5 7 Ug(R™) — U§ o Up(R") — Up
5 kb = exp( S8 2= 5) 5 EE = exp | OE ") 25
ADS/ADS c_\p( T . ADP/ADP exp ( T . (25)

where U§ and U} respectively denote the potentials of an S molecule and a P molecule being in contact (physical
contact) with the active site of an E molecule. Substituting (24) and (25) into (23). we obtain
- Ug(RTy — URY _ . Up(R™) — Up\ -
Kt =exp(~§——~———-—s‘) ~l'=exp(—P———————P)k 26)

We know, for this kind of fast reaction system, although the ubiquitous solvent molecules decrease the diffusive
speed of reactants considerably, and hence destroy the equilibrium state of the spatial distribution of reacting mol-
ecules, on the other hand, however, the existance of the solvent molecules does accelerate the energy-exchange so
much *as to ensure that the energy level distributions of solute molecules in the reaction system are still governed
by the equilibrium statistical laws. Then, in such a system, S E and its activated complex are always in thermo-
dynamic equilibrium with each other. Therefore, we could sull apply the absolute reaction rate theory to calculate
the contact rate constant & . Likewise, we have the same conclusion for %. We thus have

% = (KT/h) exp(— AG*/KT). % = (KT/H) exp(— AG/KT). Q7

But in applying the above formulae in actual calculations, we should take such a state as the starting point of the
energy where an S molecule or a P molecule is in contact with the active site of an E molecule.
Substituting (26) and (27) into (18), we obtain

kT 4 k. k KT

. (h/ETHE,
AG*=—kTn [ _‘/ = [+ Us(R™) - UR,
1—(1/47R™) (Keyp [feDg + Eoxp/fPDp)
7 (28)
- R/RT) ko
AGT= kT GAD) Fexp

L 1\ (T + 7 + ]+UP(R+)—II‘;)'
1—(1/4aR™) (kcxp/fSDS + ke.\'p/fPDP)
This provides a joint relation between the second-order rate constant measured by experiments and the activation

energy calculated with the absolute reaction rate theory for the reversible enzymatic fast reaction systems.
If the contact rate constant can be expressed through the collision activation energy [7]; i.e.

¢ = (kT2am$)V? S, exp(~ E,/kT), k = (&T)2nmp)M? s, exp(— E,/kT) 29)

where mg is the reduced mass of S molecule and E molecule, m; the reduced mass of P molecule and E molecule,
S, the area of the active surface. Substituting (26) and (29) into (18), we then have

- kTR2amHY2 S [1— (1/47RYY Koo /fiDe + k. [fED
Ea=kT1n{( / S) a[ (1/4= )_f e_\p/.fs S e_\p/fP P)]}+US(R+)_U§_
Fesp (30)
. T 2am )2 S [1— (1/47R™Y R [fEDs + ko J/FED,
Ea=kTIn {\ /’Wnp) a[ (1/4= ‘—( e).p/fs g * exp/fP P)]}+UP(R+)—U%_
kexp

* For a solute molecule with diameter of a few A, the average number of collisions between such a molecule and the neighbouring
solvent molecules runs into 10™ times per second.
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which presents a new relation for more precisely obtaining the collision activation energy through experiments.
From eq. (17) we see that Kg, [K., # K" /K unless Up(R*) = Ug(R™).
And from eq. (18) we sec that, since A* and & must not be negative, it follows
(1/47R™) (Ko /fEDs + Koy /T3Dp) < 1
namely.
Kexp <4mDgf SR /(1 + Dsf$/KDpS §)- Kexp <AmDpfpR™((1 + KDsf$/Dpf b)- 1)

When the inequality in the above equations is replaced by equality &~ and %+ wili become infinite, which is of
course impossible. So, we must find another route to estimate the upper limit of Z:c.\;p and Eexp. One reasonable
way is to proceed from eq. (29). As the maximal values of k& and & should be corresponding to the case of the col-
lision activation energy being equal to zero, we then have from (26)

- 7 \i/2 Ug(R*) — UB _ 7 \1/2 Up(R*) — U3
Max & = (%"‘"7;) s, exp(—sj?—é), Max &+ = (7::*) s, exp(_?——k‘i.—“]—)) (32.33)
- S Ay p

Substituting (32) into (16). and utilizing (17), we obtain

(&T)275mH? S, exp(—UZ/KT) 5a)
N ; s 3
1+ (ET/2am V2 (S, /47RY) (exp (— UR/KT)f tDg + exp(— U3 /KT)K 1 $Dp)

Max Ko, =

On substituting (33) into (16), and utilizing (17), we obtain

Max & (kT/?_mn;)”?' S, exp(—Up/kT) G3)
ax Koy = ———— —— | 35
P 1w (kT/2mmp)V2 (S, [4nRYY (K exp(—UL/KT)f tDg + exp(—UR/KT)If sDp)

We thus see that the upper limit of the second-order rate constant measured by experiments is not only related to
the diffusion coefficients, the size of the active surface, and the like, but also related to the proportional constant
K, which is none other than the ratio of the concentration of P molecules to that of S molecules when the reac-
tion system attains the equilibrium.

4. Multi-substrate and multi-product reaction system

Here we extend the above discussion to the general case, the case of multisubstrate and multi-product reaction
systems. Now, eq. (1) should be rewritten as

———— e —a
_L:BS 1 S A5, re Py b ! kBP
7\lsl +7\2$2 +"'+)‘msm +E ‘_._—_;]L} }\?: 2 \/_.\' —_ '\}::’) M% 2 -"_I‘JT_: E+ l.llP] +“2p2 +--'+1~1)zpn'
~+ - s - ~+
I‘Ds o _‘}m_s_m__ _i: _ _“n}_,n_ _ _1"Dp
¢ (36)
k

‘exp
A8y ¥ A8y ... AN, S, tE ———— E+uP tmp t...+y,P

14

'S
~exp

where Ay, Ay, ..., A, and gy, 47,..., U4, are respectively the stoichiometric coefficients of the substrates and the
products. At steady state, the concentrations, Cq 1 Cg 3 e Cs,,, , of the various substrates and the concentrations,
Cpy 2 Cpyrees CPn’ of the various products should respectively satisfy the following equations [7]
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VA(exp(~Us(WAT)VCH) =0 (i=1,2,...m), V-(exp(-Up,(WKT) VCE)=0 (=1.2,.__.m).

37
where 37

Cs;(r) = exp(Us;(r)/kT) Cs; (7). Cp; (r) = exp(UpAr)/KT ) Cp,(r), (38)

and Us;(r) and ij(r) respectively denote the potential of an E molecule with an S; molecule and that of an E
molecule with a P; molecule. The corresponding boundary conditions are
Cvgj'r)l'_m&:csl'(r)‘raw :CSj07 (i= 1123""0"1)1 C‘i;](r)lr.-»ocZCP](r)lr~m=CP]0’ (i= ],2,...,’7)-
39

Then, within the quasi-spherically symmetnc scope, the region of r >R, the solutions of eq. (37) can be express-
ed as

T exp(Us, (r)/&T) exp(Up;(r)/k T)
C§i=CSi0~BSf! ‘“—“‘“*:2———“" dr, C’F ijo Bp}f “"“"“:2”‘“'—— . 40
The flows of molecules through unit area are
is; = — Ds; exp(— Us (")/KT) V C3,(r), fs; = — Dp; exp(—=Up,(N/KT) V C;.(r) 41

The total flows of S; molecules and P; molecules towards the critical spherical shell of an E molecule in unit time
will respectively be

13i=£f is,-dS = 4aDg,Bs,. (i=1,2,....m) 1,,=j;f ipy-dS=4mDpBp. (j=1,2,..,m).  (42)
R* Rt

At steady state, according to the conservation of mass, we have
Isilhi=~ipilpf=1, =12, ...m; j=1,2,....0). 43)

On the other hand, since

L als] 1 atpl_ o .
' d{l o, dr J“'ex;:: CS;O CS-:O - S:I [E] — Ae\p C Cp20 CP:,O [El
¥ 7

=T [Cs,RNIM [Cs, (RN ... [Cs,, (RN [E] - E¥ [Cp, (RMI* [Cp,(RN]*? ... [Cp, (RN [E],

the degree of reaction flow can be expressed as

m n

=7 _HI [Cs, (RO — & H} [Ce,(RMIM, “5H
i= =

1=Foq I H i - Ae\p H xev s 45)

From (44), and by means of (40), (42) and (43), we obtain

=% 11 (c 2 )M (= NUs (R*/KT)
—rme——— | exp{— A.Usg. 3
=1 \S0 anDs R*F. P
" 46)
I 7
R H( __ﬁ___.) exp(— 1 Up (RV/KT),
Cryo anDy RO 1T, R
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where

~ dry-1 ~ dry~!
+ _ + ur + - + gy B
fS,- = (R f exp(USi(r)/kT) rz) . fp]- (R f exp(UP].(r)/AT) r2) . “7)
R R*
Then, for a given stoichiometric equation, we can always first apply (46) to seek out /, the degree of reaction flow,
and then utilize (40), (42), (43) and (45) to acquire the concentration distributions, the relations between various
rate constants, and so on. Sc, generally speaking, there are no difficulties in principle for this kind of problems.

Appendix
Just for simplicity, we consider the case of spherical symmetry and without force field. Obviously, the conclu-

sion drawn herefrom can be extrapolated to cover the general case. When in spherical symmetry and without field.
the diffusion equation of steady state may be written as

1 d d
3 2 (ratc)-=o. @D
In order to calculate the rate constant corresponding to short diffusive distance, we put the boundary conditions as
C‘r=R0 =0, C!r=Ro+6:CO* (A.Z

Then, the solution of eq. (A.1) is
a Ry +8) Cy _ (Rg +8)RyC, (1)

(r) 3 3 - (A3)
We thus obtain
(Rg+d)R
I= :!fi-ds= ff(—DVC)'dS=47rD-—O-—6—Q o (A.4)
RO SRO
namely, we have
Ry +OIR
K =anp 2201 (a3)

& 8-
Acknowledgements

The present work was supported by the Chemical Center of Lund, Sweden. The authors are indebted to Ali A.
Khan and Bo J6nsson for helpful discussions and advice.

References

{1] Chou Kuo-chen and Jiang Shou-ping, Scientia Sinica 17 (1976) 664.

[2] Chou Kuo-chen, Acta Biochimica et Biophysica Sinica 7 (1975) 95.

[3] Li Tse-tsai and Chou Kuo-chen, Scienta Sinica 19 (1976) 117.

{4] Chou Kuo-chih, Scientia Sinica 22 (1979) 845.

[51 Kuo-chen, Li Tse-Tsai and Sture Forsén, Biophys. Chem. 12 (1980) 265.

[6] B. I16nsson and H. Wennerstrdm, Biophys. Chem. 7 (1978) 285.

{7] Chou Kuo-chen, Scientia Sinica 19 (1976) 505.

[8] Chou Kuo-chen, Kuo Chih-kun and Li Tse-tsai, Scientia Sinica 18 (1975) 366.

[9] Chorx Kuo-chen and S. Forsén, Graphysical rules of steady-state reaction systems, to be published.



